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ABSTRACT

In this paper, we prove the controllability for impulsive neutral fractional integrodierential equations in Banach spaces using Banach fixed point
theorem, semigroup theory and fractional calculus. We present the controllability result by introducing a class of distributed controls, which
are highly useful for the computational purpose also. The controversy on the solution operator is discussed here and we emphasize that we use
the generalized Caputo derivative with the lower bound at zero for the system considered. An example is given to illustrate the abstract results.
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INTRODUCTION

The use of fractional order derivatives and integrals in control theory
leads to better results than integer order approaches. Fractional calculus
has received great attention, because fractional derivatives provide an
excellent tool for the description of memory and hereditary properties of
various processes. In particular, fractional differential equations draw
great applications in many physical phenomena such as seepage flow in
porous media and in fluid dynamic traffic models. In addition, the study
of fractional differential equations (FDE) have gained considerable
importance due to their application. For more details of fractional
differential equations with applications and about fractional calculus, see
the monographs of [1, 5, 12, 14] and the papers of [3, 7, 8].

The concept of controllability plays an important role in various areas of
science and engineering. It is one of the fundamental concept of
mathematical control theory. Controllability of nonlinear systems infinite
dimensional spaces has been studied extensively by means of fixed-point
techniques. More exactly, the problem of controllability deals with the

existence of a control function, which steers the solution

of the system from its initial state to a _nal state. Many of the authors
has been giving importance to this study and doing research under
it, see for instance [13, 18, 22, 25].

The investigation of impulsive functional differential or integro-
differential frameworks is interesting for their application in
strengthening techniques and phenomena conditional on short-
time perturbations in the course of their progress. The perturbations
are conducted separately and their term is insignificant in
correlation with the aggregate length of time of the procedures. The
study of impulsive differential equation is linked to their utility in
simulating processes and phenomena subject to short time
perturbations during their evolution. The perturbations are
performed discretely and their duration is negligible in comparison
with the total duration of the processes and phenomena. We recall
that numerous impulsive frameworks emerging from sensible
models can be depicted as partial differential equations with non-
instantaneous impulses (NII) in Banach spaces. There are various
ways to investigate this sort of models. Kumar et al. [32] analyzed
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the existence of solutions for FDE with NII in Banach spaces through the
utilization of the appropriate fixed-point theorem (FPT). Gautam and
Dabas [33] acknowledged the existence of mild solutions for fractional
integro differential equation (FIDE) with state-dependent delay (SDD)
and NII through the employment of the suitable fixed-point theorem
(FPT). Also, they proved researched the existence of mild solution of a
class of second order partial neutral differential equations with SDD and
NII in Banach spaces. This motivated us to investigate the existence
results of the system with NII in Banach spaces. Thus impulsive integro-
differential equations have become an important object of investigation
in recent years stimulated by their numerous applications to problems in
mechanics, electrical engineering, medicine, biology, ecology etc., we
refer [11, 19, 21].

Recently, Tai and Wang [23] discussed the controllability of fractional
order impulsive neutral functional infinite delay integro-differential
systems in Banach spaces using fractional calculus, a semigroup of
operators and Krasnoselskii’s fixed-point theorem. Ganesh et al. [9]
studied the controllability of neutral fractional functional equations with
impulses and infinite delay by using solution operator, fractional
calculations and fixed-point techniques. Shu et al. [29] established the
existence and uniqueness of solutions for class of fractional partial semi
linear functional differential equations with finite delay by using Banach
fixed-point theorem. H. Qinat el. [34] studied the controllability result of
the fraction order system using measure of noncompactness and H. Qin
at el. ([35], [36]) studied the approximate controllability and optimal
controls of fractional evolution and dynamical systems in abstract spaces.
Ravichandran and Trujillo [20] investigated the controllability of
impulsive fractional functional integro-differential equations in Banach
spaces using solution operator and fixed point theorems. Very recently,
Liu and Li [13] established the controllability of impulsive fractional
evolutions inclusions in Banach spaces by using the well-known fixed-
point theorem for multivalued maps due to Dhage associated with an
evolution system. Here authors studied the controllability result of
impulsive fractional evolution inclusion without delay argument. Also,
the example given is not in the explicit form. In our opinion, the example
should have been given with full justification of the assumptions. We have
given more general example to fill up this gap in section 4. Also[18]
proved the existence and controllability results for fractional impulsive
integro-differential systems in Banach spaces using fixed point theorem,
semigroup theory ad generalized Bellman inequality, but the system
considered is not neutral and without delay term. Also this paper
generalized the recent work of S. Liang and R. Mei (refer [30]).

Motivated by the above mentioned works [20, 23, 30], in this paper, we
prove the control-lability results for fractional impulsive neutral integro-
differential systems with infinite delay in Banach spaces of the form
DA[x(t) — g(t, )] = Az(t) + f (z.f,.fg h(i‘s.l‘,)ds) +Bu(t), teI=[0a], t £t
(0) = 20 on [~r,0], (11)
Azfiey, = Ik(z(ty)), k=1,2,---,m;

Where th is the Caputo derivative, 0 < q < 1. Here A: D(A)
< X — Xis the infinitesimal generator of a strongly continuous

semigroup {T (t)} ,1 2 0 of a uniformly bounded operator on X,

and A is a bounded linear operator. The history, X :
[-r,0] > X are defined by Xt(€) = X(t = 8) belongs to a
Banach Space X .f: IXXxX—>X is given X value

function, h:IxIxX—>X are continuous, here Ik : X = X
are impulsive function,

O=to<ti<to< - <tm<tm+1=aq, Axlt:tk:X(t;),
-X(t;), X(t) = lim x(t-+h)

and X(tlz ) = r!l_)l’(n X(tk + h) represent the right and left limits

of X(t) att = tk respectively and B is a bounded linear operator
fromU 10 X ,and the control function U € L [T, X] with U

as a Banach space.

The purpose of this paper is to study the controllability of fractional
neutral impulsive integro-differential equations in Banach spaces
with nite delay by introducing a class of control instead of just one
control, using the characteristic solution operator and without using
the compactness conditions on the semigroup{T (t)}, t>0.
The advantages of introducing class of control is to compute the
solution numerically also, that is to compute a class of control as
much as the real life control problems like space aircraft, missile
problems are concerned. To best of our knowledge, this is an
untreated article as far as distributed control is concerned for
fractional neutral integro-differential systems with time delay

argument.

The current paper has the following subsections. In section 2, we
present some preliminary lemmas and defnitions, which will be
used to prove our main results. In section 3, we present the
controllability results for fractional impulsive neutral integro-
differential systems (1.1) through by introducing a class of
controls using Banach FPT and semigroup theory and an example
is given in section 4 to illustrate the application of the abstracts.

PRELIMINARIES

Throughout this paper, let A be the infinitesimal generator of a Co
semigroup {T (t)}, t >0 of uniformly bounded operators on X.

Let us consider the set of functions.

PC[L,X] = {J‘ =X | 2 € C[(ty, ts1), X] and there exist z(t]) and z(t}),

with z(t; ) = z(ty):k =0,1,2,--- .m}.
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Endowed with the norml Xl PC=SUP € 1l X(t)" ,itis easy to know
that (PC[',X], (] PC) is a Banach space. Let LB (X) be the

Banach space of all linear and bounded operator on X. For a Cy-semigroup

{T (t)}, t >0, weset Mi = sup d T(t)" LB (X) . For each positive
constant I, set B, ={X e PC[I, X] : Il ¥l <r}.

Definition 2.1.[10] The fractional integral of ¥ order with the lower

limit zero for a function f is defined as

f(s)

) 1
P10 = 1 -/n t—s)-

—ds, t>0, v>0.

Provided that the right side is point-wise defined on [0,+ 00 ), where F()

is the gamma function.

Definition 2.2. [10] The Riemann-Lioville derivative of the order

with the lower limit zero for a function f : [0, OO) — R can be written

as

f(s)

NN SR
C(n—v)dt" Jy (t—s)t7t7 '

Lprf) = n—1<~y<n.

Definition 2.3. [10] The Caputo derivative of the order y for a
function f :[0,00) — R can be written as

DYf(t) =L D (fm —ggf'f’*‘-'[(J)) t>0,n—1<y<n.
Remark 2.1. [10]

() 1t f(t) € C"[0,00), then

S (s)

l t
T(n—~) £ (t— st
=TT, t>0. n—1 <y <n.

DY f(t) = 1s

(2) The Caputo derivative of a constant is equal to zero.

(3) Iffis an abstract function with values in X, then integrals, which appear
in definitions 2.1, 2.2 and 2.3 are taken in Bochner's sense.

Definition 2.4. [27]. A mild solution of the following non-
homogeneous impulsive linear fractional equation of the form

Diz(t) = Az(t)+h(t), tel=[0b, 0<qg<]l, t£t,
x(0) =19 € X, (2.1)
Az, = Lilz(ty)), E=1,2,--- ,m,
Is given by
Utz + [§(t—5)T V(= s)h(s)ds, t € [0,t],
Utz +UE— t) 1 (2(17)) + [t — )5Vt — s)h(s)ds, ¢ € (tr.t2),
z(t) =4 : (2.2)

m "
U(t)zg + Zu(r — tp M (x(t,)) + / (t — s)T7V(t — s)h(s)ds, t € (tp,b],
st Jo

Where U (e) and v(s) are called characteristic solution

operators and given by

U(t) = /xgq(H)T(tqﬁ)dﬂ. and V(1) = ¢ /‘x 04(0)T(190)d8, (2.3)
S0 40

And for @ € (O, OO),

1

;'9_1_l7v'q["9_ﬁ) =0, Tqm) = %Z(—1)“7lff*qnﬂm%rl)sfn[nm‘r).

n=1

éq(ﬁ} -

Remark 2.2. Controversy on the solution operator, Definition
2.5, based on Definition 2.3 and Definition 2.4

1. In this paper we emphasize that we use the generalized Caputo
derivative with the lower bound at zero for the equation (1.1).
However, we have not chosen the classical Caputo derivative and
have not changed it in each sub-intervals for the equation (1.1),
where the impulses start at the lower bound tx: Obviously, we mean
keeping a different one, in each of the impulses the lower bound is at
zero. Moreover, Definition 2.5 is more reasonable since the
generalized Caputo derivative in the equation (1.1) should be fixed at
the lower bound at zero once we set initial time at zero. Therefore,
we do not expect to change the lower bound repeatedly in the
definition of Caputo derivative for the same equation.

2. We use Definition 2.4 (generalized Caputo derivative), where the
integrable function f can be discontinuous. Definition 2.4 is more
general with respect to Remark 2.1 (i) (relationship between strong
and weak Caputo derivatives). Therefore, result would be wrong if
we have used strong Caputo derivative.
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Definition 2.5. By a PC mild solution of the problem (1.1), we mean
that a function x 2 PC [I;X] satisfies the following integral equation:

U(t)[zg — g(0,20)] + glt, ) + [;[t — 5)17LAV(t — s)g(s, x5 )ds

- f(]t (t — )77 Y(t — s) [f(s, xs, [y B(s, 7, 27)dT) + Bu(s)] ds,
te [Ufl]

M(t) J"(]—g([] J‘[)) +U( !‘—il}Il ( })

+g(t, =) + .Jl) (t — s)I7LAV(t — s)g(s, z,)ds

+ﬁ:[t — )Y —s) [f(s..‘rs. ﬁ)s h(s, 7,z )d7) + B-u(s)] ds,
te (fL.f-g].

U(t)[zo — g(0,20)] + 3 Ut — ti)Ii(x(t])) + g(t, 1)
i=1
+ﬁ;[t — 8) I AV(t — 5)g(s, zs)ds
+ j;;[t —$)TV(t — s) [f(s.2s, [§ h(s. 7, 20)dT) + Bu(s)] ds,
t € (tm,al.

Definition 2.6. [17] Let X be a Banach space, a one-parameter family
{T (t)},t > 0 of bounded linear operators from X to X is a semigroup

of bounded linear operators on X if

(1) T(0) =1, (here Iis the identity operator on X)
(2) T(t+s) =T)T(s) for every {,S = O (the semigroup property)

(3) A semigroup of bounded linear operator, {I(t)}, is uniformly
continuous if

ltli}jl \T(t)—I|| = 0.

Lemma 2.1. [17] Linear operator A is the infinitesimal generator of
a uniformly continuous semigroup if and only if A is the bounded linear
operator.

Lemma 2.2. [28] The operators U(t) and V(t) have the following

properties:

(i) For any fixed T > o,U (t) and V(t) bounded linear operators, i.e. for
anyX € X,

M
) {i—_ljnrn.

<
(ii) {u(t),t >0} and (v (t),t > O} are uniformly continuous, that
is, for each fixed t > 0, and € > O there exists h > 0 such that

t)a|| < M|,

Ut +e) — Ut
V(t+e) - V()| <

(t)|| <€, fort+e=>0and e < h.

e, for t+¢e >0 and |e| < h.

CONTROLLABILITY RESULTS

In this section, we give the existence of controllability results of the
system (1.1). To establish our results, we introduce the following
hypotheses:

(H1) f: IxXxX —>X is continuous, and there exists

functions &}, &, € L[ I, R"] such that

[[£(t, 1, m2) — f(E,y1, w2l < arlt)|[zr — | + a2(t)||z2 — |, Yo, u e X, i=1,2.

H2) h: I %X xX — X is continuous and there exist Ly > 0

such that

h(t,s,z1) — h(t, s, )|l < Lylley — yillpe, Yo, vi € X, i =1,2.
(H3) g: | x X — X and there exist positive constants G1;

G2 > 0 such that

y)ll < G [l=1 — mllec,
y1)|| < Gz ||z1 — y1||pc, Vo1, y1 € PC([0,a], X

lg(t,z1) — g(t
[[Ag(t, 1) — Aglt,

(H4) The function |k » X — X are continuous and there exist

Hy > 0 such that

I(2) = L)l < pelle —yll, wyeX, k=12,

(H5) The function A | ) : I > R"is defined by

Myal
An()=N [GL+ M1 (crm[a)ﬂxg(f)uaj+Ml;[k] S0 < An(t) <1, tel
T(l+gq)
A1) = |Gy Y Gy () + an(t) e+ Am(d)) + M CO0< AL < 1
Son — 1 F(L +q} T2 ay(t 2 ha Qm Mimpim| m .

Definition 3.7.

The system (1.1) is said to be controllable on the interval I, if for every

initial condition X, and X € X, there exists a control

ue L2(|,U) such that the solution X(e) of (1.1) satisfies
X(@) =x,.

We present the controllability results for fractional neutral impulsive
integro-differential systems (1.1), by introducing a class of controls.
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(H6) The linear operator Wi from L2 [(O, t; ], U ] into X defined by

ti
Wiu = [ (t; — 8)7V(t; — 5)Bu(s)ds, i =1,2,---m,m+ 1;
JO

Induces an invertible operator W, - defined

L [(O, t; ],U]/ kerW. and there exists a positive constant N > 0 such

thatl BW, I < N.

Theorem 3.1.

controllable on L.

Proof: Using the hypothesis (H6), for an arbitrary function X(-) ,

define the control

m+1

- fé' (t; — s)=1AV(t; — s)g(s,x,)ds
- fol(r = )77Vt = 5) [£(s, 2, [ hls, 7.2;)dr)] d.s‘] (t), te0,t),
;! [m 2B 1)y - g(0, 0] ~Ulty — 1) (1))

;! [ID L0yt g — gl0,30)] — glt. 7o)

el [ AVl - gl
ult) =4 _ fé?(fz =57 W(t2 - 8) [f(5,2, fy h(s,7, 20 )dr)] ds} (t), te (1t (3.1)
Wity |zt~ Ua)[zo - g(0 f(]—ZUa ti)Li(x(t7)) - glt. )
- fD s)7 AV (a - s)g(s, J,'s]ﬂ,,
= [la—s)TWa—s) [f(s, g, [ h(s,7.z7)dr)] ds] (t), € € (tm,a]-

Define the operator F : PC[1,X| —+ PC[L X,

U(t)[zg - g(0, o)) + gt ) + ’{;{ — )1 LAVt - s)g(s, z)ds
+} (t=s)=V(t - s) [f(s,zq, [} Bls,7,2,)dr) + Bu(s)] ds, t € [0.ts],
U(t)lzo ~ (0, o)) +U(t - 1)h(r{ 1)) +g(t,7)
+ I(;(f — s AVt - s)g (9 z5)ds
+|0( t= )77Vt = 8) [ (s, 24, [y Bls, 2. )dr) + Bu(s)| ds, t € (ty,ta],

U(0)feo - g(0, ) + Y Ut )i (elt;)) + gt 21
i=1

+ Jylt = s AV(E - s)gls,z:)ds
+ Jolt= SVt = ) s, [ hlsy 727 )r) + Bus)] ds,

t€ (b, ).

If the hypotheses (H1)-(H5) and (H6) are satisfied,
then the fractional neutral impulsive integro-differential system (1.1) is

We shall prove that the operator F has a fixed point, when using the
above control. Clearly this fixed point is a PC-mild solution of the

control system (1.1) and x(a) =X, , that is the control we defined

steers the system (1.1) from initial x0 to x1 in time a.

For any XX, EC[(ti,t
conditions (H1)-(H6), we get

],X (I =0,1,2---, m), ssby

i+1

[|Bur(t) = Bua(t)l| < [[BW Y| [llglt,rs,) — glt,a2,)|

i
+ @ sy vie - s 1Aal(sm,) - Ags,,)| ds
JO
i
+ / (a—s) Vit — 5)|
JO

x || f(s Ty, /3 h(s, 7,21, )d7) — f(s,72,, /sh[s.r.rz )d
Jo Jo

e — ] 1T 87) = Toleralt)]1]
[G M Gaal Mya?
Tl g Ttg)

| A

(1(t) + ca(t)Lpa) + “U”zk]

[x1(s) — xa(s)||ec

1A

A (t)llz1(s) — z2(s)llpc

and

l(Fz1)(8) — (Fr2) ()]

[

[lg(t,21.) — g(t, w2,
&

)

|ds

/fa* )TV — )] [[Ag((s,21,) — Agls,x2,)]] ds

/{a—s Ut — )| 1f (s, s, /h oy, )dT)
3.3:29./ h(s, T, x3,)dr)||ds
JO

]
+[w—s}q-1uv(f—s)u (|Bus(s) — Bua(s)]ds
J0
PG — ) i (6)) — Eiaae)]|

M q My a?
< o B (o) + o))
Mia? Anp(t) + J'lflm,um] [lz1(s) — z2(s)||ec
T(1+q)
< AL |zi(s) — x2(s)|lec

Since 0 < Arrn (t) <1, then F is contraction mapping. Any fixed
point of F is a PC-mild solution of (1.1) which satisfies x(a) =X.

Hence, system (1.1) is controllable on | .

Remark: In this paper, we have not used the phase space
considered by Hall and Kato [31] because system contains only
definite delay. One can extend the same work for the system
containing definite delay using the phase space given by Hall and
Kato [31] or a new definition of the phase space given in [7].

AN EXAMPLE
Let X:(LZ([O, IT], R)II I 2). Consider the following

fractional neutral functional integro-differential equations with
impulsive conditions of the form:
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T 0‘2

Cpf[w(f.n)—/ d(n - r,yult, 1]111/} = 5" wit,n) +ult,y)
J0

t
+ F(t.u:(t.-r;—i').[ h(t,v(z,n—r1))ds),

JO

rol =

(ty-r) 0T x(0,7), t#
wt,0) = w(t,7)=0, te[0.T],
O0,n) = wgly), 0<n<m,

Awl|,_r _IL(TT) = I(J",. /1 w(i‘k.y)dy).k:1.2.---.m‘.
Jo

Where T >0,0< Q< 1° th is a Caputo fractional partial derivative

w

of  order QE(O,].),O<T1<2'2<T3---<Tn<a and

02T1<T2<T3<"'<Tn=a. we define an operator A by

A/ = —v" with domain

D(A) ={V(-) eX:v, v are
v,v e X,v(0) =v(r) =0}

absolutely continuous;

Then A generates an analytic semigroup {T (t)},t>0 and
| T(t)" <@ <1 It is well known that 0e€ p(A), and so the
fractional powers of A are well defined. Moreover, A has a distinct

spectrum with eigenvalues of the form nzﬂz;ne N and the

corresponding normalized eigenfunctions are

e, (x) = \/fsin(nzzx), Nn=12,--,0<x<7z. In
{en ‘ne N} is an orthogonal basis for X.

addition

oo

T(t)v = Z e <y en > en; v E X

n=1
Hence {T (t)},t <0 is uniformly bounded semigroup.
We define A%

] o
Az = E < Z,€, > €p
n=1
1
For each Z € D(AZ) = Z() e X 32:0:1 n<ze, >e,.from[13]

1
we know thatif Z € D(AZ),

then Z is absolutely continuous with Z € X. We define the

X, by X, =(D(A?),

Banach space where
2 2
1
|zl EZH A?Z 2:H z| ,forany Z € D(Az). It is well known
2
1
thatl A2l =1 isbounded.

For solving the problem (1.1), we need the following assumptions:

(P1) The function d: [0,1] X

following conditions:

[O,l] —> R satisfies the

62
@ (X, y) > y d(X, y) is well defined and measurable with

i 2
/ / {_d{r.r ?;]) dydr < +oc.

d(0,y) =d(1,y) = 0,%y € [0, 1].

(P2) The function | :[0,1]xR — R satisfies the following

conditions:

(a) Foreach W € R, the functional | (., /4 ) is differentiable and
0

— (X, ) e X.

OX

(b) There exists a constant such that Nl > O such that

2 I(esn) — ool (,n)| < Nabs — o

forany X €[0,1] and VLW, € R

(c)

1(0,9) = I(1,4) = 0,¥y € R.
Let PC([O,T], Xl) be the Banach space equipped with sup
2

lwllpe = supo<e<r [w(t)(-)||l1 = suposi<r|(w(t))'(-)ll2,
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Also let

L f:[0,T] x X1 x X1 —» X be defined by f(t,¢1,2)(-) = F(t.-,61(), 92());
2. g:(0,T] % X% — X be defined by g(t, ¢)(-) = [ d(-,y)é(y — r)dy;

3. h:[0,T] x X% is defined by hit, s, @)(-) = h(t,v(z,n — 7))

A. I : X3 = X be defined by Tx(6)(-) = 1(-. B o'[y}dy).

5 w: [0,17] x [0,7] = R, be defined by w(t)(-) = w(t,.).

Here f Z[O,T]X X1 XXl,g Z[O,T]X Xl,h:[O,T]Zxxl are
2 2 2 2
continuous.

By the definition of g and assumption (P1) a similar computation as in

(18] shows that h € D(A)

and

Lol 52 9
I Ag(t1, d1) — Aglta, d2)[3 < f / (5ezble.)) dyde. |61 - éall}
Jo Jo \Oz? E

for each (t, ¢1), (t, ¢2), e[0,T]x X ;- Hence g satisfies the
2
hypothesis (H3).

For each ¢ € X 1 by the assumption (P2), we see that

2
/Ul (1 (‘r. ./: @(y)f-zyjj-‘/5""”'(”'“)‘”

1o ! 5
ﬁ./{; (c;_rI (:r.ﬁ r_j(y)dy)).\/Q:"os[mr.r_}d.r

Hence, I is a function from X 1 into X ;1 By P(2) (ii) and the Holder
2 2

< I (d),en > =

inequality, we have

(1) — In(62)3
.

Ll i%l (.r‘l[ chlf.*f"fl'f) _ %1 (;-/“1 @2(:’!)€f;j)|2({f

o 1 2
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JO JO
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2

1A

for each ¢1, ¢2 e X 1+ This implies that assumption (H4) holds. Thus
2
system in the example is the abstract formulation of system (1.1).

1 .
We can take (] 1 and f(t,0(t) = - sina(t) sinceforany t € I,
2 3
choose

So  we

we have | f(t ()l 4 ilsinw(t)ug%.
t§

1
F (t) = § , then assumptions (H1) and (H2) hold and the system is

controllable.
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