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INTRODUCTION

Fractional calculus has gained considerable popularity and importance
during the past four decades, because fractional derivatives provide an
excellent tool for the description of memory and hereditary properties
of various processes. Fractional deferential equations draw great
applications in many physical phenomena such as seepage flow in
porous media and in fuid dynamic trac models. The most important
advantage of using fractional deferential equations in these and other
applications is their non-local property. Also, the study of fractional
deferential equations have gained considerable importance due to their
application in various elds of bio-engineering, mechanics, electrical
networks, control theory of dynamical systems, viscoelasticity and so on.
Viscoelasticity and related phenomena are of great importance in the
study of mechanical properties of material especially, biological
materials. Certain materials show some complex eects in mechanical
tests, which cannot be described by standard linear equation (SLE)
mostly owing to shape memory eect during deformation. Recently,

researchers have been applying fractional calculus in order for probing
viscoelasticity of such materials with a high precision. Fractional
calculus is a powerful tool for modeling complex phenomenon. More
specically, modeling the shape memory phenomena with this powerful
tool are studied from different perspectives, as well as presented some
physical interpretation. There are different models to evaluate and to
predict the constitutive equation in the viscoelastic system, these models
commonly, composing of a different combination of springs and
dampers elements. For example, two well-known models to name are
Maxwell and Kelvin models. Fractional Calculus is a new powerful tool
which has been recently employed to model complex biological systems
with non-linear behavior and long-term memory. In recent years there
has been a signicant development in fractional differential equations
involving fractional derivatives, see the monographs of [1, 20, 22{24, 26,
32, 38] and the papers [2, 5{7, 17, 18, 25, 27, 28, 30, 39{42].
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The study of impulsive differential equation is linked to their utility in
short
perturbations during their evolution. The perturbations are performed

simulating processes and phenomena subject to time
discretely and their duration is negligible in comparison with the total
duration of the processes and phenomena. Integro-differential
equations play an important role in many branches of linear and
nonlinear functional analysis and their applications in the theory of
engineering, mechanics, physics, chemistry, biology, economics, and
electrostatics. In recent years, impulsive integro-differential equations
have become an important object of investigation stimulated by their
applications
engineering, medicine, biology, ecology etc, we refer [3, 4, 8,12, 13, 19,

numerous to problems in mechanics, electrical
21, 34{36, 45]. Dynamics of many evolutionary processes from various
elds such as population dynamics, control theory, physics, biology, and
medicine undergo abrupt changes at certain moments of time like earth
quack, harvesting, shock, and so forth. These perturbations can be well
approximated as instantaneous change of states or impulses. These
processes are modeled by impulsive differential equations. The
advantage of using non-local conditions is they are measurable at more
places and those can be incorporated to get better models. The non-local
Cauchy problem for abstract evolution differential equation was rst
studied by Byszewski [10]. For the importance of non-local conditions

in different elds, we refer the reader to [9, 11, 29, 44].

Recently in [33], the authors studied the existence of mild solutions for

impulsive fractional semi-linear integro-differential equations using
Banach contraction principle and Schaefer’s fixed point theorem. They
have considered the system immediately and without non-local
condition. Our work generalizes the work done in [33] with abstract
formulation. According to our knowledge, this is an untreated article in
the literature.

Motivated by the above-mentioned paper, we study the existence of
mild solutions for non-local impulsive fractional semi-linear integro-
differential equations of the form

t b
('Dg_,i‘(” = (‘D?.I'[[) = D;l.r(l) = Ax(t) +f(f..1'b/ /1([.&.1'5)([&/ L‘(Ls..rs)lls)‘ (1.1)
0 0
z(0) = 29 + g(x) € X, (1.2)
Axle—y, = Ii(z(t.)), k=1,2,--- ,m;te]= [0,8], t #t, (1.3)
Where ° th is the Caputo fractional derivative of order g, 0 < q < 1,

with lower limit zero, the histories X; : (—r, 0] —> X are defined by
X (9) = X(t + 9) belongs to a Banach space X.

A: D(A) < X — X is the infinitesimal generator of a strongly
continuous semi-group (T (t))tzo of a uniformly bounded operator
on X, and A is a bounded linear operator. f:IxXxXx—>X

X is jointly continuous, h,k:JxJxX — X are continuous,

|k : X = X are impulsive functions,

O=t, <t <---<t <t +1=b,

Ay b, = X(6) —X(t). X(57) = lim x(t, +h)

and X(tk_) =lim X(tk + h) represent the right and left limits of x(¢)
h—0~

at t =tk respectively.

Our method avoids the compactness conditions on the semi-group
{T (t)}tzo’ and some other hypotheses are more general compared

with the previous research papers.

System (1.1)-(1.3) described above ts to the mechanical system with
impact, the biological phenomenon involving thresholds, the bursting
rhythm models and industrial robotics, and many more. In particular,
above mentioned system (1.1)-(1.3) and its PC-mild solution (in Section
2) is helpful to generate tuning and auto-tuning of fractional order
controllers for industry applications. Monje et al.[47] design the
fractional order PID controllers to ensuring a robust performance of the
controlled system with respect to gain variations and noise, without
using the delay part, but can be generalized in a more specic way using
the delay for a closed loop and the open loop systems. System (1.1)-(1.3)
can also be analyzed for a nite time stability test procedure for robotic
system where it appears a time delay in fractional control system (refer
[48]) but with impulses.

In Section 2, we give some preliminary denitions and lemmas those are
to be used later to prove our main results. In Section 3, the existence of
PC-mild solutions for equations (1.1)-(1.3) with nonlocal conditions is
discussed. The results are obtained by using Banach contraction
principle and Schaefer’s fixed point theorem. An example is given in
Section 4 to illustrate the application of our main results.

PRELIMINARIES

Let us consider the set of functions

PC[J, X]={x:J > X |xe C[(tk1tk+1)1 X] and there

exists  X(tg) and  X(tg) k=0,1,2---m and

X(t;) = X(tk )}, endowed with the norm| Xl pc = supll Ctis
ted

easy to know that (PC[J, X]Il I pC) is a Banach space.
Throughout this Paper, let A be the infinitesimal generator of a C0 semi-

group (T (t))tzo of a uniformly bounded operators on X and let LB(X)

be the Banach space of all linear and bounded operators on X.

For a CO semi-group (T (t))tzo , we set

M1=supl TEON L.

ted
For each positive constant r, set BI :{X S PC[J ) X]" Al < r}.
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Definition 2.1.

limit zero for a function f is defined as

The fractional integral of order & with the lower

¥

la

I”‘f(t)—r ds, t>0, &>0, (2.1)

(@)

provided the right hand-side is point-wise defined on [0, OO), where
I'(*) is the gamma function, which is defined by I'(ex) = ,[OOOtOC s
Definition 2.2. The Riemann-Liouville (R-L) fractional derivative
oforderax >0,N—1<a<n,NneN isdefined as

(R-L)D; f(t)=———

()!(t

o s)"“f(s)ds, (2.2)

where the function f{) has absolutely continuous derivative up to
order (n-1).

Definition 2.3. The (strong or classical) Caputo derivative of order

a fora f e L ([O, OO), R) function given on the interval [0, OO)
is defined by (if it exists)

[ “ (s)
C(n-a) ' (t-s) "
Remark 2.1.

cD” f (t) =

1. R-L and Caputo are just two different operators that are related to
each other in a quite simple way. Quite a few details about this are given
in the book of Diethelm [46]. There we can also see the exact description
of when they are equivalent. The most important difference between
them is, of course, the structure of their kernels (i.e the set of functions
that is mapped to zero). Depending on what we want from our operator,
one of them or the other one may be the right choice for us. We are using
here Caputo because derivative of a constant is zero for Caputo but not
for R-L.

2. If derivative of Caputo type are used instead of R-L type then initial
conditions for the corresponding Caputo fractional differential
equations can be formulated as for classical ordinary equations, namely
x(0) = xo:

3. One has to make sure using a constant function and the Heaviside
unit step. They must be considered different so they must have different
fractional derivatives. The Heaviside unit step is expected to have a non-
zero fractional derivative. If one given derivative gives, zero it is useless
due to the importance it enjoys in practice and its relation with the Dirac
delta.

ds,t>0,n-1<a<n,neN.(2.3)

Definition 2.4. The (weak or generalization of classical) Caputo

derivative of order @ for a function T & Ll([o, OO), R given on the
interval [0,00) is defined by (if it exists)

"D f (t) =° D (t) = D“(f(t)-f%ﬂ“@))
1t>0,n—1<a<n, neN. (2.4)

Remark 2.2. 1. f(t) € C"[0,00) then

1 f™(s
c Daa)z f (t) jt (_2_” = n—-a
F(n—a)* (t-s)
C
fO(t) = °D*f (1), t>0,n-1< a<n. (2.5)
Note that for strong Caputo derivative in Definition 2.3,
fe C"([O, OO), R is not necessarily required. In fact,

fnel’ ([0,0), R, for example, f ™ be of bounded variation,

can guarantee the existence of D:( f (t) on [O, OO).
Definition 2.5. [42] By a PC-mild solution of the equations (1.1)-
(1.3) we mean that a function X € PC[J , X] which satisfies the

following integral equation:

T(t) (o + )+[“(r—s)?*15f—s)
(xn’s T f[)h 8,7, T, )dT, f[)
T(t)xo+g(x)) + Tt — i)y (x (lil—f(]f—aﬁ‘ 18(t — )
(Xst T, [y Bls, 7,2 )dr, f[) t € (ty,ta),

cxo)dr)ds, €01,

(5,7, x.)d7)ds,

r(t) = (2.6)
T(t)(xo + g(x)) +Zm:’T(f — ti) D (a(ty) + /z(f —5) 1St —s)
k=1 40
(x)ff.s'. :rs._ﬁ: his, T, :F,—)dT._ﬁ)b R‘f.\'.T.J'T)(fT'}(J'.ﬂ. te (!‘m.bi‘
where T (+) and S(+) are called characteristic solution operators and
given by
T =1 &@OTE0). SO=al; 0Z,@OT(t'0)do, (27)

and for @ € (0, ),

£,(0) = 19-1-3% (o _fl*) >0

@ (0) == Z( g IO q )Sln(nﬂ'C]) (2.8)
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where gq is a probability density function defined on (0, OO), that

is

£(0)=0, 0e(0,) and [5 & (0)do=1. (2.9)

Remark 2.3. Controversy on the solution operator, Definition 2.5,
based on Definition 2.3 and Definition 2.4:

1. In this paper we emphasize that we use the generalized Caputo
derivative with the lower bound at zero for the equation (1.1). However,
we have not chosen the classical Caputo derivative and have not changed
it in each sub-intervals for the equation (1.1), where the impulses start
at the lower bound tk: Obviously, we mean keeping a different one, in
each of the impulses the lower bound is at zero. Moreover, Definition
2.5 is more reasonable since the generalized Caputo derivative in the
equation (1.1) should be fixed at the lower bound at zero once we set
initial time at zero. Therefore, we do not expect to change the lower
bound repeatedly in the Definition of Caputo derivative for the same
equation.

2. We use Definition 2.4 (generalized Caputo derivative), where the
integrable function can be discontinuous. Definition 2.4 is more general
with respect to Remark 2.2 (1) (relationship between strong and weak
Caputo derivatives). Therefore, result would be wrong if we have used
strong Caputo derivative.

3. Finally, we would like to mention the recently published paper written
by Liu and Ahmed [43], where the formula of solutions for semi-linear
impulsive fractional Cauchy problems (see (20) in [43]) is coincided
with ours (see Definition 2.5), if one imposes that the semi-linear term
and the impulsive term have the same expression in the given interval.
Remark 2.4. Problems associated with impulsive effects and hereditary
property are modeled by impulsive delay differential equations. So we
use impulsive infinite delay system (1.1)-(1.3) and the solution is a
piecewise continuous with discontinuities at impulses time. So, here the
mild solution is called PC-mild solution. (As we know a function x is
continuous is said to be a mild solution. A function x which is
differential almost everywhere on [0; T] is called a strong solution.
Clearly, every strong solution is a mild solution, since differentiability
implies continuity).

Definition 2.6. [31] Let X be a Banach space, a one-parameter
family T (t),0 <t < +00, ofbounded linear operators from X to X is

a semi-group of bounded linear operators on X if

(1) T(0) =1L, (here Iis the identity operator on X)
(2) T(t +s) = T()T(s) for every t,S = 0, (the semi-group property)
A semi-group of bounded linear operator, T(t), is uniformly continuous

i limll T(0)- 11 =0.

A semi-group of bounded linear operator, T(t), is uniformly continuous
it limll T(t)— Il =0.
tl0

Lemma 2.1. [31] Linear operator A is the infinitesimal generator
of a uniformly continuous semi-group if and only if A is the bounded
linear operator.

Lemma 2.2. [37] (Schaefer's fixed-point theorem) Let X be a

Banach spaceand F : X —> X bea completely continuous operator.
If the set

E(F)={xe X :x=AFX forsome 0< A <1}. (2.10)

is bounded, then F has at least a fixed point.

Lemma 2.3. [42] The operator T (t) and S(t) have the following

properties:
1. Forany fixed t > 0,T (t) and S(#) linear and bounded operator,
ie forany X € X,

I TE)X <M X, S(t)xllsLMlu Ao (2.11)
rd+q)

2. {T (t),t >0} and {S(t),t > O} are strongly continuous.
3. {T(t),t >0} and {S(t),t > O} 0g are uniformly continuous,
that is, for each fixed t > 0, and €> O, there exists h > 0 such that

| T(t+e)~T (@l <e, for t+e> 0 and |el< h,
| S(t+e)—S(tl <e, for t+e> 0 and |el< h.

(2.12)
(2.13)

EXISTENCE RESULTS

In this section, we give the existence of mild solutions of the system
(1:1)-(1:3). To establish our results, we introduce the following
hypotheses:

(H1) f:IxXxXxX — X is continuous, and there exists

functions L4, 1L, t; € L[J , R+] such that

l f(t,Xl,XZ,X3)—f(t,yl,yz,y3)
| < 2A X =yl 426, O X, =y, +2 (O X, =yl
X,y € X,i=12,3.

H2) hk:IJxJxX — X is continuous and there exist

M b Mk > 0 such that’s
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M I x =yl Vo)) - (NIl < (T =T 2o + gt b

t s
HL (f—s)qflS(f—s}f(.s.fs‘lL iv(‘s‘rm,ﬁ)dr.ﬁ k(‘s.r.x,f)rb—)dsH
(1) =TI [llwol| + Gl + ka]

t s b
+ H[_ (t— )18t — s)f(s IJ..L his,T, f,—)(IT.. A E(s, T, J‘,—)(IT)ALS

I h(t,s,x)—-h(,s, y)l
Lk, s, x)=k(t,s, y)l <M x -yl ,x,y, eX.

A

(H3) g: PC([0; b];X) is continuous and there exists a constant G > 0 such
that

[ (t—s)TL[S(t —s5) — S(r — )]

J0

s b
(X)f(NJSlL his, 7,z )dT, A k(.s.f.rj)dy')zls

(t—s)1 —(r =) S(r—5)

Jooo

[ g(xX)—g(yll < Gl x—yll, vx,yePC([0,b], X) +
| g(O)II < kl. (s.2.: / his, 7, 2, )dr, / ks, 7,2, )dr ) ds
We know that the inequality |t —-7° | < (t- Z') for o€ (0,1]
(H4) The function Ik : X — X are continuous and there exist and 0<7<t and Lemma 23, it is obviously that
Py > Osuch that L (NO®) = (NI =0 as t—z.  Thus
Nx [0,t,], X].
IK(X)—Ik(Y < pkll x—Wll, x,ye X, k=1,2,---,m. For t, <7 <t <t, we have

(H5) The function Q_(t) 1 J — R is defined by (N2)(t) = (N2)(@)l| < H'm T [lzall + Gllzl] + 4]
M T(t—t) = T(r —t)|| || (=(t7)]
0,0 =My(G +1p,) + )(;a(t)wz(t)wl b+, (OM,b), H [
b
where 0 < Qm (t) <1,t c J . (x}f(‘s.rs‘.L }!(.&T‘I,—)(iﬂ_‘.A k(‘s.rrr]dr)ds

T(t — )7 S(t - 5) = S(7 — 5)]

Jo
s.r, [ h(s, 7, o )dT /R(s T zis

(H6) The constants Qu and le(t) :J > R" are defined by

Q M K(G+mpm)+r(1 )(/'I’l(t)+ﬂ2(t)M b+/u3(t)M b) + /7[(f—s)‘?’1—(r—s *1]57—5]
Mlquu s s, | hls,T,2:) d; ( Ty )dT | ds
Q, =M, K(G+mpm)+r(1 )(ﬂl(t)+ﬂz(t)M Wb+ 1M, D) + i+ q) / )

It is easy to get, as { — 7, the right hand side of the above inequality
tends to zero. Thus, we can deduce that NX € C[t1 ) tz]’ X ] By

Theorem 3.1. If the hypotheses (H1) - (H5) are satisfied, then the repeating the same procedure, we can also obtain that

nonlocal fractional impulsive integro-differential equations (1.1)-(1.3)

has a unique mild solution X € PC[J, X]. NX e C[tl,tz], X1, Nx e C[tm,b], X]. That is
Nx € PC[J, X].Take t € (0,t], then

and 0<Q, (t) <LteJ.

Proof: Define an operator N on PC[J;X] by

1 1 t
T(t)(xo + glx)) + f(] t—s)i7IS(t - 5) (Na)(l) = (N9) (DIl < MiGllz— ollpe + g, / (t— 511
f(.s..rs.‘f[) h(s, 7 o, da.JD l.(\.a..rr)(fT)le. t e [0.ty], r( +q)
T () (o + gla)) + T(t — t1) L (x(t7)) + D‘(f —5)9718(t — 5)

f(.s'..rs. f[; his, 7, @, )dr, fob i\‘(.s.T..rT)dT):ls.. € (ty,ta],
(Nz)(t) = ’ : (3.1
0 : So we deduce that

t
Ti@)(eo + o) + 30T~ ) Talelty ) + [=orise—s
0

k=1 X g N
f(.s'..rs. o hls, 7 xr) dT._fO i\‘(.s.T..r.—)dT):ls. t € (tm,b]. (Nz)(#) = (Ny)(#)llpe < {UIC_F

5 (1m0) + )M+ (M)l = e
(32

Mibe
I(l+g¢
We shall show that N is well defined on PC[J;X]. For 0 < 7 <t < t1 For each T € (t1’ tz]i using hypotheses, and (3.2), we have
, applying (3.1), we Obtain (Na)(t) — (N)Bllre < [Mi(G+ )

T M
Tt (m(t) Jr.li-z(f%”hb*i!‘&(f)ﬂj}cb)] [z —yllpc

Research | Volume | | Number 1| 13
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In general, for each t € (ti ’ti+1]’ using (H5) is relatively compact in X for arbitrary h € (O,t) and O >0,
where

o q © q
e N0l < B T,(t) =175 £, (O)T t°0)d6, S,(t)=ql; 65, (0)T (1°0)de.

M )
ot (16 + a0 My + ;.w)ﬂfkb)] le — yllpc
(1+9) (H11) For all bounded subsets Br, the set

From the assumption (H5) and in the view of the contraction

mapping principle, N has a unique fixed point X € PC[J, X], I, (®) :{t5 (t)(XO +9(x)) + '[B_h (t- S)q_l 85 (t-s)F(s)ds

that is n _
+ 3T, -t (XE)): xe B}
k=1
T()(o + glx)) + fo(t — 5)71S(t - 5) is relatively compact in X for arbitrary h € (0, t) and 0 >0.
(%) f(s,zs, [0 h(s, T, z; )dr, f(] s, 7, xr)dr)ds,  te [0,4], .
T()(0 + 9(2)) + T(t — )L () + [t — )71S(t — s) Theorem 3.2. Ifthe hypotheses (H6) - (H10) are satisfied, then the
0
" () f (5.2, [ Bls,m, 20 ), [2 k(s 7 an)dr)ds,. t € (i1, ta], ) non local fractional impulsive integro-differential equations (1.1)-(1.3)
x(t) =

has at least one mild solution X € PC[J , X ]
T(t)(xo + g(x)) +ZT(r —te) L (x (2 ) + / (t—s)7 '8t —s)

(%) fls,zq, [0 h(\ T, 7 )dT, f(] (s, 7,2 )d7)ds, € (ty,b],

Proof: From Theorem 3.1, the operator N is defined as follows:

is a PC-mild solution of equations (1.1)-(1.3). T () (o + g(z)) + [i(t— )18t — 5)
(%) f (s, s, f[) h(s,T,x, )dr, f k(s,7,x-)dr)ds, te[0,4],
Next theorem is based on Schaefer's fixed-point theorem; let us list the T(t) (o + g(a) + T (¢ = ) (k7)) + Jy( = )7 S(t = 5) 7
following hypotheses: (Na)(t) = (%) f(s, s, [y his, 7.z, )dr, f[) k(s 7,z;)dr)ds, te€ (t1,to], (3.4)
H7) F:1IxXxXxX —> X is continuous and there exist T(t)(zo+yg ”HZTf—fk () + / (t =) 1S(t )
. 8. Ty, P Ydr, [ k(s, 7,z )dr)ds, = (tm b)-
functions C;,C,,C;,C, € L(J,R+), (s, J§ o720, o ko720, 4 (b

We shall prove the result in following steps:
Such that

Step 1 : Continuity of N on (ti 7ti+1] (i=0142---,m) Let
X, X E PC[J, X]such that

H8) h,k:JxJxX — X is continuous and there exist | X, — X1 PC—0 (n - +OO),

flt.z gy, 2)|| < erl(t) + ca(t)||z]] + eal(t)||y]] + calt)][z]], t € J. z,y,2 € X.

functions dl,dz,d3,d4,€C(| , R+), such that then I = supnll Xn" PC <o andl X1 PC < I, for every

te (ti ,ti+1] (I =0,12---, m), we have from (3.3)
| h(t,s, )l < d,(s)+d,(s)l

Ik, s,y < dy(s)+d,(s)l vl , xy,eX. N0 =~ (N2 < Ml — i
ZTt ) (e (ty ZTf ) I (= ))‘
k=1 k=1
(H9) There exist @, € [J , R+], such that’s 7r(“’l”lq) “t SO I / B(s, 7, 2n, )dr, / ks, 7,0, )ir)
LON <g (O I, xe X. *f““/’““”‘“/‘

Since the functions f, Ix and g are continuous,
(H10) For all bounded subsets Br, the set

Hh&(t) :{tj(t)(xo+g(X))-ﬁ-IBﬁh(t_s)Q*lS&(t_S)F(S)ds f(S!anij.é h(S,T,XnT)dT’ng(S,T' an)dz-) N
m f (s, %, J3h(s,z,x )dz, b k(s,7,x,)dz), n—oo. (3.5)
+ Y T -t () xeB }

Research | Volume | | Number 1| 14
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By conditions (H?)-(H8) we know that (NI < M, % +GI X +k,)+mM,@, Il
b Ml J't

e (P, (s)+F, (sl Xl ds.

s b s b
f(.s'.rn‘. his, 7, ap )(ET. k(.snrfn )dT) - .suf . / h(s,r e )dr, [ k(s,7 2, ](i*)
Jo

Jo
/ h(s, 7,z )dr / k(s, 7, ap, )ds
/h(s L x )dT /}\(s Ly )ds

< 2ey(s) + ea(s) (llal | + [1al]) :m.s)L di(s) +es ‘)L das) ([lall + Ilol]) ds

< er(s) + eals)l|an, || + eals) +aa(

+ey(s) + cals)||zs|| + cals) + cy(s)

Thus forany X € B, ={x e PC[J, X]: I Xl PC <r},

e e gl < M@ gl )+ DM (1 PLSACLE

s b
< 2e1(s) + 2c3(s) / dy(s)ds + 2c4(s) / da(s)ds
JO JO

s b
n ({'g(‘ﬁ)*!g[s}[l ,zgf&)(zsﬂqf.\% msmb) (lzll + 121D bM
| | (G+mM D, +—— I‘ ¥, (s)ds)r
b r(l+q
< 2¢y(s) + 2c3(s) / dy(s)ds + 2c4(s) [ ds(s)ds -
Jo Jo =7
= b
+ (91‘3fﬂ} + 2e3(s) A da(s)ds + 2ey(s) A d4(-‘>‘)d5) r. Hence | (NX)(t)lI 71 (ie,) N'mapsbounded sets to bounded sets

Hence, in PC[],X].

Step 3: N(Br) is equicontinuous with Br on
(t,t..]13(1=0212---m).
Forany X € Br,tl,t" IS (ti!ti+1] (1=0,1,2---m), we obtain

t—s)" (s, %, J5n(s. 7., )dz, o k(s,7,x,.)d7)
-f (s, %05 (s, 7, %, )dz, o k(s, 7, %, )d o)l e L, R*]. (3.6)

! ns' ' “nr ' nr

By the Lebesgue dominated convergence theorem, we get

I(N=)(t") = (No) ()| < ([T = T o + glx)]|

[ t=s)* f(s,x_,J5h(s,z,x )dz,[°k(s, 7, . )d7)
f (s, x.,[h(s,7,x )d7,[°k(s, 7, x )dz)l ds —0. (3.7)

o "
+ / (" — )97 L 8(¢" — s)F(s)ds — / (t' = $)I7I8(t' — s)F(s)ds
0 0

Z T(" — i) i« ZTf — ) ()|,

=1

Tt is easy to get
vios after some calculation, we have

limil (N, )() - (Nx)(Dl PC =0. (3.8) ST TED-TEM I x,+gOl +ml TE—t) I 1k(x(t))
H L (t"=s)" S (t"—s)F (s)dsl

Thus N i ti (tis it 1] 0:2---m ,
us 1S continuous on + ( ) _*_" IB (t " s)q—l B (t " S)q—l]s (t"_ S) F (S)ds"

Step 2: N maps bounded sets into bounded sets in PC[J;X]. From Hi J'B (t " S)q—l _ (tu_ S)q—l]s(t - S) F(S)dS" . (3.11)
(3.4) we get
u Using T (t) and S(t) is uniformly continuous and the well-known
(Na < ||IT T g(z)|| + 40 1 " n )
(= i [)+1; (e \ inequality |t T—t" |S (t —1 )U for o € (0,1] and
ﬂ (t—s)1! }f (,su.rs.l A h(s‘r.r,f)drl A k(,s‘.T..rT]dT) ds 0 < t 1 < t"
m||T(t — ) I(=(t, 3.9
T ) et " Define Il = NByand II(t )={NX)(t): xe B} for t € J. Set
and we know that _
Set 1, , (1) —{(NWX )t) xeB}
b Where
Hf (3 T, ﬁ(s oy )dr, k(w?.rj—)fh)H
JO JO
~ s : b t—h m
< erls) + cal )/ di(r)dr + eq(s )[ da(7)dr Ty 5(0) :{mz)(f[,+,,(f))+/ (t— ) Syt — s)F(s)ds + 3 Tolt — tilTulnlry)) : o e Br}.
Jo —_
+ ((q s) + el s)/ do(7)dT + cy(s / dy(7)dr ) x| (3.13)
< Wy (s) + Wa(s)||2]]. From Lemma 2.3(ii),(iii) and (H10), we can verify that the set II(t) can

be arbitrary approximated by the relatively compact set |l ho (t)

From the above we get, Thus, N(Br)(t) is relatively compact in X.
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Step 5: Theset E ={x € PC[J, X]: x=ANX foris P oo 0 _
qu (t.7m)) O—EH.M + & (r.z(f. n—r) [ hlt,vlz,n—r))ds, / kot olz,n— 7‘])(1&) s
" .
0 < 4 <1} bounded. ’ To
for (t,n—71) € [0,Tp] % (0,7), ¢ # (4.1)
2(1,0)=2(t,7) =0, 0<t<Ty (4.2)
Let X € E, then 2(0,m) = zo(n) + gl=(t,p)), O< y < (4.3)
A2l _m = I (%) (4.4)
AT (1) (g + g()) + A fy (E— s)I71S(f) — s)
(%) f(s, x4, ] his, 7,2 )dr, {(J s, 7o )dr)ds,  te[0,4], q. . .
XT (00 + g(x)) + XT(t — tIa(x(6) + A [t — 9315t — 5) where TO>0,0<q <1, Dt is a Caputo fractional partial
ot) = OV (oo Jo B 00 fy s, ), 1€ (102, (3.14) derivative of order € (0,1) To write the system (4.1)-(4.4) to the

o . form (1.1)-(1.3), we take
AT (t)(zo + glx)) + \Z’T t—tp ) Ipx(ty ) + ,\/ (t— .\')qflS(f — )

(s fo M“ ron)dr, Jyk(s,man)dr)ds, € (m,b. (i) Let X = L2(]0, z]) as the state space and
z(t,-) ={z(t,n7): O, <7 < 7} as the state.

From (3.14) we know

b'M (i) A:D(A) © X — X is defined as Af = f" with domain
Fx@l < AM (1 x Il +k, 2y, (s)ds
T (1+q)

D(A) ={f eX: f ', f"e X are absolutely continuous,

M, [ wz(S)ds) I xn. @315 f(0)= f(xr)=0}.
T (l+q)

+a(GrmM g, +

Then A is the infinitesimal generator of a strongly continuous semi-
group {T (t) :t >0} in L2 [0, 7]. Moreover T (+) is also strongly
continuous such that| T (t)" < Ml foreach t > 0. A canbe

Obviously there exists A sufficiently small such that

p=1- Mlkl/l —ﬁG—ﬂli@ > 0 and then we get

q 0
| X(t)" < lMlu Xoll Ab M1 J'z l//l(S)dS (316) written as AX Z_Z nZ(X,en)en,X (S D(A), where
P P (1+0) n=1
2 .
+ ﬂb(“M I‘ w,(s)l x(9)l ds.  (3.17) en(x) = ;sm(n, X),N € N is an orthonormal set of eigen
ol (1

functions of A.
Let
Furthermore, for X € X we get

q

Jb*M Jb™M ~ 2
=AM, pll x|l +———"1 ds, f(t) = —2T ds. 3.18) T (t)x= ) exp(—n<t)(x,e )e..
Q=AM 31 + R Ty o) 10 = =Ty s 019 T() Z;, p(-nt)(x,e,)e,

We define the operators

Tt is clear that f(t) is non negative continuous function on [O, +OO), FrIxXxXxX—>X g: J?x X = X and
generalized Bellman inequality implies that K:J2x X X b
. XA —> y

| X1 <Q,[;"®* <Qefs'@* =Cy;  (3.19) X, =2(t,n—r), h(t,s,x.)=htv(xn—r), kt,s,x) =k {t,v(xn-r)).

w%lere Co is a constant. Obviously, the set E is bounded on {t; t:+1], Obviously, h1; k1 satisfy Lipschitz condition (H2), g satisfies Lipschitz
(I =012, m)' Since N is continuous and compact. From the condition (H3), and I satisfies Lipschitz condition (H4). All together
Schaefer's fixed-point theorem, N has a fixed point, which is a PC-mild  satisfies (H1). Also it is easy to verify conditions (H5) and (H§).
solution of (1.1)-(1.3). This completes the proof.

Thus functions _; h1; kl1; g and I1 of the system (4.1)-(4.4) satisfies the

EXAMPLE hypotheses of the Theorem 3.1 and Theorem 3.2. Thus, all the
conditions of Theorem 3.1 and Theorem 3.2 are satisfied. Therefore
Consider the following fractional partial functional mixed the system (4.1)-(4.4) can be written to the abstract form (1.1)-(1.3).
differential equations with impulsive conditions of the form Those phenomenon model equations (4.1)-(4.4), (refer [36]). Hence

we conclude that the system
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(4.1)-(4.4) has a mild solution.

CONCLUSION

Here we have established the existence of PC-mild solutions for non-
local fractional impulsive functional integro-differential equations with
finite delay. The proofs are obtained using Banach contraction principle
and a fixed-point theorem due to Schaefer with generalized Bellman
inequality. We have used the distributed characteristic operators to
define the mild solution of the system taking care of all the controversy
related to the solution operator (refer Remark 2.3). Also, we have
considered a bounded linear operator which gave the standard semi-
group in the exponential form, but one can consider unbounded
operator and prove the results as a future work. For this, we refer the
techniques given in [14, 15]. The same problem can also be extended for
Trajectory controllability problem, which is a new direction to the field
of fractional order differential and partial differential equations with its
numerical approach, refer [16].
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